We consider perturbations of a first-order differential operator with matrix coefficients known as the Dirac operator. These operators have one singular point which is allowed to be either zero or infinity. Unitary transformations are used to apply results for an operator with a singularity at infinity to one with a singularity at zero. After introducing notation and several preliminary results, we give necessary and sufficient conditions for perturbations to be relatively bounded or relatively compact with respect to the Dirac operator. These conditions involve explicit integral averages of the coefficients of the perturbation. Results are given for both limit point and limit circle type operators.
INTRODUCTION
In this paper we develop a perturbation theory for the formal differential expression ly(t) w-l(t){[Qo(t)y(t)] '-Q(t)y'(t) + Po(t)y(t)}, (1) where the functions y are defined on the interval I= (a, b), cx < a < b < and the coefficients W, P0, and Q0 are 2 x 2-matrix valued functions on L Each coefficient is assumed to be locally Lebesgue integrable on I, W(t) is positive definite, Po(t) is hermitian, i.e. P0 P, and Qo(t) is nonsingular. In our considerations W(t) is a diagonal matrix and Qo(t)is frequently the constant matrix J (0 -1). An operator of the form (1) is called a Dirac operator.
The expression F isformally self-adjoint, i.e., for "sufficiently smooth" functions y, z'I C 2 with compact support S IW(t)Fy(t)'z(t))dt fI (W(t)y(t),Fz(t))dt where/., .) denotes the usual inner product in C. Hence, F generates a hermitian operator which is densely defined (i.e. symmetric) in the separable, weighted Hilbert space v(I). This Hilbert space is the space of(equivalence classes of) Lebesgue 3 . Any self-adjoint extension A of F0 satisfies F0 c A c 1 1. We say that F is regular at a if a > -o and the assumptions on the coefficients are satisfied on [a, b) instead of (a, b). We define regular at b similarly. IfF is regular at a and regular at b, then we say that F is regular. Otherwise, F is singular.
Since F0" D(F0) C/22(I) -+ Z:2(I)is a closed, symmetric operator, D(r) D(ro) N(iE-F) @ N(-iE-F), (2) where N(+iE F) {y E D(r): +iEy ry o} and E denotes the identity operator. Equation (2) 
since 1 F1.
Deficiency indices play an important role in the study of self-adjoint operators associated with the differential expression F in that they determine the number of boundary conditions necessary to construct a self-adjoint operator [12, Chapter 4] . The One importance of perturbation theory is that it allows the decomposition of an operator into the sum of a simple operator and a complicated operator which is, in some sense, small with respect to the simple operator. Since some properties are preserved under certain types of perturbations, knowledge about the simple operator is often enough to gain some knowledge about the sum. For example, the essential spectrum is preserved under a relatively compact perturbation. Also, a relatively bounded, symmetric perturbation with relative bound less than one preserves self-adjointness. (See [7] [8] [9] However, for the maximal operator we have the surprising result that the concepts of relative boundedness and relative compactness coincide.
PRELIMINARIES
The purpose of this section is to introduce notation and theorems which will be used throughout this work. We use definitions given by Goldberg [7] and Weidmann [12] .
Let Thus, via the triangle inequality and inequalities (9) and (10) 
Thus, via inequalities (9), (11), and (12), we have that for each n,
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Also, via the triangle inequality and inequalities (9) and (12) 
and e-Mo/Nog(t) < g(7-) < et/Ng(t).
This lemma implies that both positive and negative powers off(r) and g(7-) are essentially constant for < r < + ef(t) and fixed t.
In the proofs of several results in this work, we will use unitary transformations. Here, we develop sufficient conditions for a unitary change of dependent and independent variables for a maximal ( Wi(x)
then after some calculations we have for , z E E,(X) 
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for some e (0, 1/2No). lYn, (t)l <-k3 f-1 (r)lyn, (r) dr + f(r)lY'n, (7 (ii) /1 is J'l-compact if and only if
for some e E (0, 1/2N0). Proof We begin by applying an argument in Section 2 to transform the differential expressions unitarily. Notice that J" is of the form (15) (51) (4) and (5) f-l(t)
Via the hypothesis on f, we conclude that f(t) < Not + b for some con- for some e (0, 1/2). (59) holds.
Note that the proof of necessity shows that (59) holds for every (i') fI x-"-'b(x) dx < (ii') B1 is Tl-bounded;
(iii') B is T-compact.
Since the transformation is unitary, (if) holds iff/}l is iPl-bounded, and (iii') holds iff/} is l-compact.
